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d\ • Abstract 

o : 

' In |TV] . Bertrand Toen and Michel Vaquie define a scheme theory for a closed monoidal category (C, ®, 1). One of the key 

, ingredients of this theory is the definition of a Zariski topology on the category of commutative monoids in C. The purpose 
of this article is to prove that under some hypotheses, Zariski open subobjects of afiine schemes can be classified almost as in 

»_l . the usual case of rings (Z — mod, Cg>, Z). The main result states that for any commutative monoid A, the locale of Zariski open 

' subobjects of the affine scheme Spec(A) is associated to a topological space whose points are prime ideals of A and open subsets 

^s^j , are defined by the same formula as in rings. As a consequence, we compare the notions of scheme over Fi of P and [TV] . 
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Introduction 



In [TV] . Bertrand Toen and Michel Vaquie define a scheme theory for a closed monoidal category (C, ®, 1). This theory 
recovers the classical notion of scheme when (C, 0, 1) = (Z — mod, 0, Z). One of its key ingredients is the definition of 
a Zariski topology on the category of commutative monoids of C. This topology is used to glue affine schemes, which 
by definition are commutative monoids in 6, in order to obtain the general notion of scheme over C. The aim of this 
article is to study in more detail this Zariski topology. 

The definition of Zariski open object of [TV] differs from the usual definition that could not be generalized to a 
relative context. In fact, a theorem in SGA asserts that the usual notion of Zariski open is equivalent to the notion of 
finitely presented flat epimorphism which are well defined in the relative context. 

The usual notions of image, generators, ideal, prime ideal or localization of a monoid have generalisations to this 
relative setting. For instance, for a monoid A, the localization by an element / of its underlying set Aq := Home(l, A), 
denoted by Af, makes sense. Furthermore, they are the first examples of relative Zariski open objects and they play 
a fundamental role in the main theorems: 

Theorem 1. \3. 71 Let A be a commutative monoid. Zariski open objects (^/)/£ J 4 :=-Hom e (i,A) form a basis of open 
objects of the Zariski topology of Spec(A). 

Theorem 2. \3. 13\ Let A be a commutative monoid. The poset of Zariski open subobjects of X := Spec(A) is the locale 
associated to the topological space Ouv(X) whose points are prime ideals of A and closed sets are given, for an ideal 
q of A, by V(q) := {p st q C p} . 

These theorems are well known for C = Z — mod. In a relative context, we prove that there is a generalisation of 
the sober topological space associated to a ring. For a commutative monoid A in C this construction is not natural. 
The theory of enriched sheaves of Borceux and Quinteiro plays a fundamental role here. In particular, the notion of 
enriched Grothendieck topology will provide us with a notion of filter of ideals. Such filters will be called Gabriel 
filters. We will prove that a Zariski open subobject has an associated Gabriel filter which is more regular in the sense 
that it is associated to one ideal. These Gabriel filters are called locally primitive Gabriel filters. For a commutative 
monoid A, we prove that there is a contravarient equivalence of poset between the poset of locally primitive Gabriel 
filters of A and the poset of Zariski open subobjects of Spec(A). We conclude by proving that these Gabriel filters are 
characterized by their subsets of prime ideals. 

Finally, we use these results in the relative context 6 = (Ens, x,Fi) to compare the notions of Fi — scheme of |TV] 
and [Dj and to prove that the topological spaces associated are homeomorphic. 

Acknowledgements: I wish to thank Bertrand Toen for his helpfull comments and suggestions on this work. I also 
thank Joseph Tapia for the clearness of his comments on category theory and Michel Vaquie for a usefull feedback on 
this work, in particular on a (necesarilly vicious) finitude problem. 

Preliminaries 

All along this work (6,0, 1) is a closed symmetric monoidal category which is complete, cocomplete, locally finitely 
presentable, regular in the sense of Barr and has a compact(ie finitely presented) unit. Recall that C is regular in the 
sense of Barr if the pullback of a regular epimorphism (i.e. a cokernel) is also a regular epimorphism and C is locally 
finitely presentable if the Yoneda functor i : C — » pr(C ) is fully-faithfull, where Co is the full subcategory of finitely 
presented objects. We assume futhermore that Co is stable under tensor products and that Home(l,— ) preserves 
regular epimorphisms (we say that C respects images) . A category C verifying these hypothese will be called a relative 
context. 

The functor i has a left adjoint K defined, for F G Pr(Co) by K(F) := Colim^ k ^ ee Fk where Cq is the category 
whose objects are couples (k,f), k e Co, / G F(k) and morphisms from (k,f) to (k',f) are morphisms h : k — > k 1 
such that /' oh = f . 

The hypotheses have three first important consequences. The functor i reflects epimorphisms, filtered colimits 
are exact in C and the collection of subobjects of a given object X, ie of isomorphism classes of couple (Y, j) where 

j 

Y >■ X , j is a monomorphism, is a set. 

The functors Home(l, — ), denoted (— )o : A — > Ao and Home(k, — ), denoted (-)k ■ X — > A&, k in Co from C to 
Set will be called respectively underlying set functor and weak underlying set functor. For A € C, the object Ao is 
the underlaying set of A. If there is no confusion, we may forget the word weak for the other functors. An element 
of A is an element of one of its weak underlying sets A^ or of A . If / is such an element, we will write / € X. 

A relative context is called strong when the functor (— ) reflects isomorphisms i.e. when the unit 1 is generating. 
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For X,Y e G, let rx, lx, s (x,y) and ax,Y,z denote respectively the natural isomorphisms X®1 — * X, 1®X^X, 
X ® Y -> y <g> X, and {X ® Y) ® Z —> X ® (Y ® Y). The Mac Lane coherence theorem (cf [McL| ) asserts that 
any monoidal category is equivalent to one in which morphisms r, I and a are identities, so they can be considered as 
identities in all demonstrations concerning properties of C that are stable under monoidal equivalences. 

In such a category, there exists a notion of commutative monoid and for a given commutative monoid A, of A- 
module (see |McL] or [TV]). For a commutative monoid A and an A-module M, let tua, M, Ma/ denote respectively 
the multiplication A ® A — ► A, the unit morphism 1 — ► A and the multiplication M ® A — ► M, It is known that 
the categories of modules over a monoid B are also symmetric monoidale categories. The notations for structural 
morphisms will then be used as well for the category G as for any category B — mod. Comm(G) will refer to the 
category of commutative monoids in G and for A e Comm(C), A — mod will refer to the category of A-modules. 

In fact, all the hypotheses on our basis category will be true in any of its sub-categories of modules. Let A be a 
commutative monoid in G. The category A — mod is a relative context. Let us give some details on this fact. It's well 
known that A — mod is closed, complete and cocomplete. Moreover, as the forgetfull functor A — mod — ► C commutes 
with small limits and colimits, the regularity in the sense of Barr, the compactness of the unit A and the fact that 
A — mod respects images are easy to prove in A — mod. The most difficult is to prove that the full sub-category of 
finitely presentable objects of A — mod, denoted A — modo is a generating subcategory. It can be proved for example 
using Ind-objects. 

In a relative context, the category of commutative monoids has also some interresting properties. In particular, 
it can be proved that it is locally finitely presentable. As the categories of modules are also relative contexts, these 
properties are true in any category of algebras in G. Recall that, for the monoid A, the categories of algebras over 
A, denoted A — alg is Comm(A — mod). It is also equivalent to A/Comm(G). The category of finitely presentable 
objects in A — mod will be denoted A — modo. 

Let us now recall some well known properties of monoidal categories. A pushout in A — alg is a tensor product in 
the sense that for commutative monoids B, C £ A — alg, B <&a C B \\ a C. There are two adjunctions: 

G ~ " A - mod G ~ " Comm(e) 

i i 

where the forgetfull functor i is a right adjoint and the free associated monoid functor L is defined by L(X) :— 
Ungyj- X® n I S n (S n refers to the symmetric group). In these adjunctions, C can be replaced by B — mod for B 6 
Comm(C). Let ip (resp ips) and if) (resp i/'s) denote these adjunctions for the category C (resp B — mod). For leC 
and M € A — mod, ip : Hom^{X, M) — * HomA- mo d(X <g> A, M) is easy to describe : 

ip : / -> hm Id A <g> / 
ip' 1 : g — > go (Id x <8> i A ) ° r^ 1 

1 Algebraic Structures 
1.1 Images and Generators 

We give and describe now two fundamental notions in a relative context C. These notions will be particularly important 
in the relative contexts A — mod for a commutative monoid A. 

Images 

Definition 1.1. Let u : X — > Y be a morphism in C. 

> Let Cy denote the full sub-category of G/Y consisting of objects Z such that the morphism Z — > Y is a 
monomorphism. A subobject of Y is an isomorphism class of objects in Gy- The category of subobjects of Y 
will be denoted sub(Y). 

> A subobject Z of Y contains the image of u if u factors throught the inclusion Z <—* Y . We denote by 
sub u Y the category whose objects are subobjects of Y containing the image of u and whose morphisms are 
monomorphisms . 

> The image of u, denoted Im{u) is 

Im{u) := Lim su b u Y Z . 

> Let |u| denote the object |u| := Coker( X x Y X j X )■ 
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The existence of the limit is due to the smallness of the category sub u Y. 



Lemma 1.2. Let u : X — > Y be a morphism in C. 

o If u is a monomorphism, there is an isomorphism X Im(u). 

o Let v : Y — > Z be in C. There is an isomorphism Im{v o u) ^ Im(v o u') where v! is the monomorphism 
u' : Im(u) — > y. 

o There is an isomorphism Im(u) m |u|. 
Proof 

- The isomorphism class associated to the object X is initial in sub u Y. 

- This isomorphism comes from the equality v o u = v o u' o u" where u" is the morphism u" : X — > Im(u). And 
by the universal property of the image, Im(v o v! o u") = 7m(t> o u'). 

- There is a unique natural morphism from |w| to any subobject of Y containing the image of u and thus from 
\u\ to Im(u). We need then to prove that \u\ is a subobject of Y to achieve the proof. Let us prove first that 
X x Y \u\ ±2 X. As a relative context is regular in the sense of Barr, 

\u\ x y I- Coker{ X x Y X x Y X ^ Xx Y X)~\p\ 

where the natural morphism p : X x Y X ^> X is split by a morphism s, i.e. p o s = Id. Let r, q and t denote 
respectively the morphism X x Y X ^ \p\, the morphism \p\ — » X and the morphism ros. More precisely, there 
is a diagram 




in which got = q o r o s = p o s = Id. Reciprocally, let us prove that t o g = Id. As r is an epimorphism, 
it is enought to prove t o q o r = r. Astoqor = rosoqor and q o r = p (by construction of q), then 
toqor = rosop = r. 

Finally 

|u| Xy |u| Coker( X x Y X x Y \u\ * X x Y \u\ ) ±2 |u| 
thus |u| represents a subobject of Y. 

♦ 

Corollary 1.3. Let u : X -^Y be a morphism in C. The morphism uq ■ Xq — » Y"o *s surjective. 
Proof 

As 6 respects images, the functor (— )o commutes with regular epimorphim and thus send them to epimorphisms in 
the category of sets, i.e. to surjective morphisms. 

♦ 

Lemma 1.4. Let u : A — > B be a morphism in Comm(C) . Its image in C is isomorphic (in G) to its image in 
Comm(e). 

Proof 

Let Im(u) be its image in 6. We provide it with a structure of commutative monoid. Let vl denote the morphism 
A — > Im(u). The unit morphism of Im{u) is u' o i^. Let us now define a multiplication morphism. Recall that the 
forgetfull functor from A — mod to C commutes with small colimits. Thus Im(u) has a natural structure of A-module. 
As 6 is closed, functors X ® — , X S C commute with small colimits and preserve epimorphisms. Thus 

Im{u) ® Im(u) i2 C'oker( A x B A ® Im{u) * A eg) Im{u) ) 
Im(u) (g> A^ Coker{ A x B A ® A \ A® A) 

Moreover, the morphism Id®v! : Ax b A® A —> Axb A® Im{u) is an epimorphism. There is a commutative diagram 
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Ax B A® A 



Za®a 



Id®u' 



IdA®U 



A x B A <g> Im(u) I A ® im(tt) ^ - > Jm(«) 



where /c?^ ® u' equalizes the two top morphisms. Thus ni m (u) equalizes the two morphisms from A x B A ® A to 
Ax Im{u) and as Id®u' is an epimorphism, ^/ m ( M ) equalizes the two morphisms of the coker Im(u)®Im(u). Finally 
^im(u) has a lift TOj m ( M ) : Im{u) <g> Im{u) — > Im(u). The commutativity of the structure diagrams of this monoid is 
clear. 



Generators 

Definition 1.5. Let X be in C and F = be a family of elements of X. Let subpX denote the full subcategory 

of sub(X) whose objects are subobjects Y of X containing the family F. The object generated by F is 

X F := Lim su bj,xY 

Definition 1.6. Let X be in 6 and F = (fi)i^i be a family of elements of X. The presheaf associated to F, denoted 
F', is defined by 

F' :k —f F(k) := {/ e X k st3 h : k -> k' and g e F H C fc , si / = go 

It is a presheaf by construction. Moreover, the family ]J k F'(k), still denoted F', generates the same object, i.e. 
Xp' — Xp. 

Lemma 1.7. Let X be in C, F — (fi)i<=i be a family of elements of X and F' be its associated presheaf. Then the 
object Xp is isomorphic in 6 to the image of the natural morphism 

p : K(F') := Colim^k^ X 

where K is the left adjoint of the Yoneda functor i : C — > Pr(Qo). 

Proof 

Considering the adjunction between K and i, the category sub p X is clearly isomorphic to subpX. 

♦ 

Let us now give the properties of an object generated by a family. 

Lemma 1.8. Let X be in G and F be a family of elements of X. 

i. If Y, Y' are two objects of sub(X) generated by F, they are isomorphic, 
ii. If (— )o reflect isomorphisms, Xq is a generating family of X. 
Hi. Let u : X — > Y be in C. The family u*(F) generate Im(u). 

iv. The family F generates X if and only if it is an epimorphic family of morphisms. 
v. A morphism is an epimorphism if and only if it preserves generating families. 

vi. Let S be the diagram of finite subsets of F whose morphisms are inclusions. There is an isomorphism Xp i2 
ColiniGesXc- 

vii. If X is generated by F and finitely presented in C (Home(X, — ) commute with filtered colimits), it is generated 
by a finite family included in F. 

viii. Let A, B be in C The family i(A) x i(B) generates A® B. 

ix. Let u : A — > B and C be in C. The image of u® Idc is generated by i(Im(u)) ® i{C). 

Proof 

i. Clear 

ii. Let us assume that (— )o reflect isomorphisms. Let Y be the subobject of X generated by the family of morphisms 
included in Xq. There is an isomorphism X — Y , thus X ^Y. 
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iii. The elements of u*(F) are clearly elements of Im(u). Let Im(u)F be the object generated by u*(F ). The natural 
morphism F — » Im(u)F lifts to a morphism X — » Im(u)F which factors u. Thus there is a monomorphism 
Im(u) — > Im{u)F- As i : 6 — > Fr(C) is fully faithfull, there is an isomorphism Im{u) ^2 Iiti(u)f- 

iv. A generating family is clearly epimorphic. Reciprocally, if F is epimorphic, let F' be its associated presheaf. 
There is an isomorphism for all Y G C, Hom e (X, Y) - Hom e (K(F'),Y). Thus, by Yoneda, X ±2 K(F') ±2 X F . 

v. Clear, epimorphisms preserves epimorphic families by composition. 

vi. We prove first that ColirriQ^Xc is a subobject of X. The Yoneda functor i : C — * Fr(Co) commutes with 
filtered colimits thus we compute this colimit levelwise in Pr (Co). More precisely, there are isomorphisms 
colimGeg(XG)k ^ Co?imGes((A^;)fc)- For all fc G Co, the sets (Xc)k are subsets of Xk, therefore their filtered 
colimit is a subset of Xk- This implies that Colimces^G is a subobject of X in C. Finally, any element of i(X) 
belongs to a i(Xa) hence to their colimit and X ±2 ColimoegXc- 

vii. The object X is finitely presentable and isomorphic to ColimceS-^-G thus there exists a finite set G such that this 
isomorphism factors throught Xj. The morphism Xj — ► X is then a monomorphism and a split epimorphism 
hence an isomorphism. 

viii. We write A®B^ K(i(A)) <g> K(i(B)), thus 

,4 <g> B - coh-m (Jt J);(fe( /()ee i( A ) xe i(B)fe ® fc' - F(F) 

where F := i(A) x i(F). 

ix. The morphism u ® Idc factors through Im(u) ® C — > F ® C and Im(u) ® C is generated by i{Im{u)) x i(C). 
The morphism x i(C) — > i(Im(u)) x i(C) is surjective thus the image of u®Idc is isomorphic to the image 
of Im{u) <£> C — > F (8) C which is generated by i(Im(u)) x i(C). 

♦ 

1.2 Ideals and Multiplications 
Ideals 

Definition 1.9. Let A be a commutative monoid and M be an ^-module. A sub-A-module of M is a subobject of 
M in the category A — mod. An ideal of A is a sub-A-module of A. 

In the rest of the paper, for any ideal q, an element of the isomorphism class will be chosen and also called q. The 
corresponding monomorphism will be denoted j q : q —> A. 

Lemma 1.10. Let A be in Comm(C), M be an A-module and q be an ideal of A. 

o The object Aq is a monoid in (Set, x , *), the object Mq is a A^-module in (Set, x , *), 
o The object qo is a subset of Aq. 

o The morphism tp defines an isomorphism of monoids in (Set, x, *), Aq ^2 EndA-mod(A). 
o // there exists f £ qo which is invertible in Aq, then A, 

Proof 

The proof of the three first items is clear. Let us prove the fourth. The morphism <p(f) is an automorphism of A in 
A — mod which factors through j q . The morphism j q is thus both a monomorphism and a split epimorphism, hence 
an isomorphism. 

Definition 1.11. Let A — — >■ B be a morphism of commutative monoids and q be an ideal of A. The image of the 
ideal q in F, denoted qB, is the image of the morphism q (&a F — > F in F — mod. 

Lemma 1.12. Let A — — B be a flat morphism of Comm(C) (ie — ®a F is exact, cf JTWj ). and q be an ideal of 
A. Then q® A B^ qB . 
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Multiplications 

Definition 1.13. Let A be in Comm(C), f be an element of A and M an ^4-module. The multiplication by / in M, 
denoted 17 is defined by the following commutative diagram 

Id M ®f , . , 

M ®a A®k s~ M ® A A 

M®k >■ M 

In particular, when M = A, Tf = <p(f) where tp is the adjunction morphism defined in the preliminaries. 

Lemma 1.14. Let A be in Comm(G) , M,N be two A-modules and u be in Home(M, N) . The morphism u is in 
A — mod if and inly if it commutes with morphisms Tf for any element f of a generating subset of A, i.e. verifies 
Tf o (u Cg) Idk) = U o Tf. 

Proof 

It is easy to check, considering the facts that generating families of element are epimorphic families, and functors 
Z (g) — , Z e C preserve epimorphisms. 

♦ 

Lemma 1.15. Let A be in Comm(G), q be an ideal of A. An element f of A is an element of q if and only if <p(f) 
factors through j q . 

Proof 

It comes from tp(j q o /) = j q o ip(f). 



1.3 Localizations 

Definition 1.16. Let A be in Comm(C) and S be a multiplicative part of A . A localization of A along S is a couple 
ws), where w$ : A — > S~ X A e Comm(C), satisfying the following properties: 

i. The image of the elements of S are invertible, ie (ws)o(S) C (S~ 1 A)q. 

ii. Any morphism verifying i factors through ws- More precisely, V A — —>• B <E Comm(C), if uq(S) C Bq then 
3! v such that the following diagram commutes: 




S^A 

If S —< {/} > is the multiplicative part generated by one element /, Af will refer to S~ 1 A and w to ws- 

Remark 1.17. • Lemma fl. 191 and proposition 11.181 prove the existence of S~ 1 A. 

• The morphism A — > S^^-A is an epimorphism by construction. 

• It is well known that a morphism of monoids is an epimorphism if and only if the corresponding forgetfull functors 
on the categories of modules is fully faithful!. In particular, the category S~ 1 A — mod is a full subcategory of 
A — mod. 

Proposition 1.18. Let A be a commutative monoid and f be in Aq. Let ji and jo denote respectively the inclusion 
morphisms of A = A^^/S 1 and A = A® A °/S° in L A (A) = TJ„ e ^ A® An /S n and defined as h o m A ° Id <g> / o . 
Then: 

4>a(S) 

A f i= coker( L A (A) * L A (A) ). 

Vu(io) 

The colimit is taken in Comm(G) . 
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Proof : 

Let us prove first that this colimit satisfies ii in definition 11.161 

Let A — —>• B be in Comm(C) such that g := u (f) — u o / is invertible in Bo- 



Let g 1 denote its inverse. Thus 



mb (g®g 1 )®r 1 1 =iB- Consider the morphism La (A) — > B in A — alg adjoint to (3 — mjo (u ®g 1 ) o r A x : A — > B. 



Then iPa{/3) ojo is the unit morphism of B in A — alg, ie u and V>a(/3) ° ji 
Moreover the following diagram is commutative: 



(3. Thus ip A (/3)o8 = (3omA°(Id®f)or~ 



A- 



IdA®r t 1 

A (8> 1 >- A® I® 1 



Id A ®f 



A® A *-A®A® 1 



B®B 



A 



A< 



51 



u0g 

n 



Then using compatibility between (8 and o, commutative monoid morphism's structure of u and associativity of 
multiplication, the computation of l3om A o (Id® f) ^ 1 gives u. Thus ^Pa(P)°S = ip A (0) ° jo, hence iI>a(0)°iPa(8) = 
iPa{P) ° ipA(jo)- Finally, by the universal property of colimit, there exists a unique morphism from this colimit to B. 

Let us prove now that the colimit satisfies i in definition ll.161 We denote now this colimit by Af, and the morphism 
A^ Af by (J. There exists a morphism p from L A (A) to Af such that po 5 = u. Let p : A^ Af denote the adjoint 
of p. Thenpom^o (Id® f)or^ 1 = p. Moreover, considering the identity itia s ° (uj ® (po i A )) o r^ 1 = p, it is clear that 
the morphism p plays the same role as /3, and po%A will play the role of g~ l . Thus, an analogous computation gives : 

oj o i A = p o m A ° {Id ® /) o r^ 1 o iA — TUa, ° ((w o f) ® po i A ) ® rf . 

Thus the product of wo / and po ia is the unit element of (A/)o- 

Lemma 1.19. ^4 category, still denoted S, is associated to S. Its elements are elements of S and for two elements 
f,g of S, the morphisms from f to g are the elements h of S verifying f*h = g. There is an isomorphism S^^-A ^ 
ColimsAf . Furthermore, as S is multiplicative, this colimit is filtered. 

Proof 

By the universal property of objects S _1 A and Af. 



Proposition 1.20. Let A be a commutative monoid and f be in Aq. 

*>(/) , ¥>(/) , <f(f) 



The object B := 
A — alg to Af . 



colim( A ■ 



■A- 



•A- 



can be provided with a monoid structure and is isomorphic in 



Proof: 

Let B denote this colimit. First, B can be provided with a monoid structure. The unit morphism 1 — > B is induced 
by the morphism from 1 to the first term A in the colimit. Let N +1 denote the category whose objects are positive 
integers and whose morphisms are couples (i, i + 1). Let F denote the functor from N +1 to A — mod which sends any 
integer to A and any morphim to (ff. Then, clearly, B ®a B ±2 Colim(F ® A F) ^ ColimF ±2 B. This isomorphism 
defines the multiplication morphism of B. One can check easily that these morphisms provide B with a structure of 
monoid in 6. 

Next step is to prove that g := is / is invertible in HorriA-mod(A, B) ±2 Bq. There exists a morphism from the 
second term A in the colimit to B, denoted arbitrarily g~ x . It verifies g^ 1 °^p(f) = Ib- As ip(f) = mA°(IdA®Af)°r^ 1 , 
we get 



and by A-linearity of g 1 : 

where [13 = wb {Ids ®a 
Thus 



i B = 9 1 ° <p{f) = g 1 om A o (Id A ®A f) ° 
= V-B ° (g^ 1 ®A IdA) o {IdA ®A f) o r^ 1 
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= A*B ° (.9 1 ®A /) o r^ 1 

so 

mB ° (.9" 1 ®a .9) o^ 1 . 

Last but not least, let us prove that B satisfies property ii of the definition of Af. Let v denote the unit morphism of 
B in A — alg. Let h : A — > C be a morphism in Comm(G) such that 5 := /io(/) is invertible in Co. Let g _1 denotes 
the inverse of g := ft. o / in Cq. Then the following diagram commutes: 



¥>(/) 




Indeed to^o (/ngig^or^ 1 is just and hotp(f) is </?(s)- So this diagram gives their product in HomA-mod(A, C) 

which is the unit morphism of C in A — alg, h. Using the same method with inverses g®~ n of g® n , we contruct a 
family of morphisms from A to C which makes the diagram of the colimit B commutes. Thus there is an induced 
morphism in A — mod, s : B — > C such that s o v — h. 

The morphism s is in fact a morphism of A — alg. Indeed, the commutativity of the diagram: 



B 



C 



B- 



mc 

■C® A C 



is equivalent, by the universal property of colimit, to the commutativity, for each n, of the diagram: 




which is clear. 

Corollary 1.21. Let q be an A — module, f be in Aq, and S be a multiplicative part of Aq, then 



i. qf := q <Sia — colim{ Q 
ii. q®AS~ 1 A^colimsqf. 



r(f) 



)■ 



Proof 

It is implied by lemma \1.19\ proposition 1 1 . 201 and the fact that q®A — commutes with colimits. 

Corollary 1.22. Let S be a multiplicative part of Aq. The category S^ 1 A — mod of modules over S~ 1 A is exactly the 
subcategory of A — mod of modules M such that for any element f of S , r/ is an invertible endomorphism of M . 

Proof: 

Clearly, if q is in S~ 1 A—mod, it verifies the property. Let q be an A-module verifiying the property. Then, by previous 
corollary qf ^2 q V/ G S hence q <8>a S'^-A ^2 q and thus q is in S~ 1 A — mod. 

The localizations of A are important because they are the basic examples of Zariski open subobjects of Spec(A). 
Thus, next step is to prove it. 
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1.4 Zariski open objects 
Definition 1.23. (cf [TV]) 

i. A morphism A — > B in Comm(C) is C-fiat if the functor — (g)^ £? commutes with finite enriched limits (cf 
definition 14.21 in appendix) . 

ii. A morphism A — ► B in Comm(G) is finitely presented if £? is finitely presented in A — aZg. 

iii. A morphism A — ► fl in Comm(G) is a formal Zariski open morphism if it is both a C-flat morphism and an 
epimorphism. 

iv. A morphism A — » i? in Comm(G) is a Zariski open morphism iff it is a finitely presented formal Zariski open 
morphism. In this case, Spec(B) will be called a Zariski open subobject of Spec(A). 

Remark 1.24. This definition is not exactly the definition of [TV] , Indeed, C-flat means that the functor is not only 
exact but also commutes with finitely presented exponentiation (see proposition 14.31 in the appendix). This more 
precise definition is necessary to prove the theorem and is also a generalisation of usual cases. This hypothesis is also 
necessary to recover the notion of differential scheme (no comparison had been writen for the moment.). In facts, 
there is an equivalence between flat and C-flat if finitely presented objects in A — mod are quotients of free objects of 
finite type. In this case, exponential objects depend only on finite limits. One example is the case of abelian groups 
(Z — mod, (g), Z) in which for any ring A and finitely presented A-module M, there exists a resolution A q — ► A p — > M. 

Lemma 1.25. Let A be in Comm{G). 

i. If X S C (resp A — mod) is finitely presented then so is La(X) G Comm(G) (resp A — alg). 
ii. Finitely presented objects are stable under finite colimits. 

Moreover, in A — mod, filtered colimits commute with finite enriched limits (Corollary 14.41 in appendix). In 
particular, localizations are Zariski open objects. Indeed, the following corollary results: 

Corollary 1.26. (of \HM HIM tTM and [L25\) 

Let A be in Comm{G), f be in Aq, and S be a multiplicative part of Aq, then A — > S~ 1 A is a formal Zariski open 
morphism and A — » Af is a Zariski open morphism, i.e. spec(S~ 1 A) is a formal Zariski open subobject of Spec(A) 
and spec(Af) is a Zariski open subobject of Spec(A). 

2 Gabriel Filters 

2.1 Gabriel filters and Borceux-Quinteiro's theorem 

The key idea of the classification is to indroduce the notion of Gabriel filter to make a link between Zariski open 
objects and ideals. A Gabriel filter on a monoid A will be a topology of Grothendieck on the category HA, defined 
here in an enriched sense. 

Definition 2.1. Let A be in Comm(G) 

i. Let 25^4 denote the C-category consisting of one object * and an object of morphisms Hom^ A (*, *) := A G C. 

ii. Let PrCBA) denote the C-category of C-presheaves i.e. of C-functors from ¥>A to C. 

iii. The Yoneda C-functor consists of the C-functor * — > /i* which is defined on objects by h*(*) = A and on 
morphisms by the adjoint h* : A — > End e (A) of tua- 

In fact, any C-presheaf on CBA sends * to an A — module and the functor 

F : PrCBA) —> A - mod 

(G : %A -> C) -> G(*) 

defines a C-equi valence from Pr(TSA) to A — mod. 

Definition 2.2. (cf |BQ| for general definition) A Grothendieck's C-topology on 25 A consists of a set J of ideals of A 
such that: 

i. A e J 

ii. V<? € J, Vfc e C and V/ G A k , f~ l {q) = {q k x Ak A) G J. 
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iii. Let q, r be two ideals of A, q S J. If V/ : k — ► g, fc € Co the ideal / 1 (r) is in J, then so is r. 

Where g fe = Hom (k. q) and A fc = Hom jk, A) are expoential objects. 

This topology will be called a Gabriel filter. In ii the morphism from A to Hom e (k, A) is the adjoint of the 
morphism ip(f) : {A ® fc) — > A. 

Lemma 2.3. Lei G be a Gabriel filter, q be an ideal in G, k be in Co and / fee m Ah- The ideal f~ 1 q is the sup (or 
union), in the poset of ideals of A containing q, of the ideals p such that the multiplication Tf : p — ► p factors through 
q ^-y p. This family of ideals is denoted contfq. 

Proof 

Weak underlying set functors commute with limits and the following commutative diagram proves that f~ x q G contfq 

Ak' >• Ak'®k 



f~ 1 q > <2fc'®fc 

Moreover, if q' is in contfq, it is easy to check , by the universal property of that q' <—> f~ x q. 

♦ 

Definition 2.4. A localization of A — mod consists of a full reflexive (saturated) sub-C-category of A— mod such that 
the left adjoint of the inclusion C-functor is left C-exact. 

Theorem 2.5. (Borceux-Quinteiro) 

Let A be in Comm(C) , there is a bijection between the set of Gabriel filters of A and the set of localizations of A — mod. 

The poset of Gabriel filters of A will be denoted Gab A, the poset of localizations of A— mod will be denoted LocA. 
Lemma 2.6. (cf jB^j) 

> Let L be a localisation of A — mod. The Gabriel filter associated to L, denoted G& consists of the set of ideals 
q of A verifying for all M in H 

Hom A _ mod (A, M) - Hom A _ mod (q, M) 

> Let G be a Gabriel filter. The localisation associated to G, denoted Lq, is the full sub-C-category of A — mod 
whose objetcs are A-modules M verifying for all q in G 

Hom A _ mod (A, M) - Hom A _ mod (q, M) 

Remark 2.7. - The bijection GabA LocA is a contravarient isomorphism of posets. 

- The poset LocA has small intersections. If £ij is a small family of localisations with left adjoint functors its 
intersection consists of the sub-C-category of A — mod whose set of objects is C\iOb{Li) and whose left adjoint 
functor is Colim(li). 

- The poset GabA has small intersections. A Small intersection in GabA is an intersection in the sense of sets. 

- The contravarient isomorphism of poset GabA i2 LocA implies that LocA and GabA have small unions. 

Proposition 2.8. Let Y :— Spec(B) be a formal Zariski open subobject of X := Spec(A) £ Affe. The category 
B — mod is a localization of A — mod. Lts associated Gabriel filter is the set of ideals q such that q ®a B ±2 B. 

Proof 

The category B — mod is clearly a localization of A — mod. The caracterization of 12, 6} induces by adjunction, for all 
M € B — mod, an isomorphism 

Hom B-mod( B , M ) - Eom B _ mod {q ® A B, M). 

Thus, by Yoneda q ®a B ^ B. 

♦ 

The object Spec(S- 1 A) is a formal Zariski open subobject of Spec(A). Thus, there is an associated localization 
of A — mod . The following proposition describes its associated Gabriel filter. 
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Proposition 2.9. Let A be a Commutative monoid, f S Aq and S a multiplicative part of Aq. 
i. The Gabriel filter Gf associated to Af is the set of ideals of A containing a power of f. 
ii. The Gabriel filter Gs associated to S~ 1 A is U/ e sG/ 

Proof 

Let G denote the set of ideals of A containing a power of /. Let q be an element of G. There exists n such that 
/" S <7o, thus qf contains an invertible element of Af and by 11.101 is isomorphic to Af. Therefore, G C Gf. 

Reciprocally, let q be in Gf, then i q , : qf m q Af — ► Af is an isomorphism and the following diagram is 
commutative: 

(A f )o * {A ) f 

— oi q 

Qo (g/)o ^ (qo)- OTf 

As this diagram is in Sets, 3n e DM such that /®" € q . Thus q S G. Finally G = Gf. 

For S 1-1 ^, clearly U/ e sG/ C Gs and the other inclusion is obtained with an analogous commutative diagram in Set. 

2.2 Primitive Quasi- Compact and Locally Primitive Gabriel Filters 
Definition 2.10. Let A be a commutative monoid 

> Let q, q' be two ideals of A. The product q.q' is the image of the morphism q ® q' — > A. 

> An ideal p of A is prime if for all q, q' sucht that q.q' C p, q C p or g' C p. 

> A set G of ideal of A is filtered if for all q C g', q € G => g' e G. 

> A set of ideals of ^4 is commutative if it is closed under product of ideals. 

> A set of ideals G is quasi-compact if, for any ideal q in G isomorphic to a filtered colimit colirrii^jqi, there 
exists i such that g, is in G. 

Lemma 2.11. Lei A be a commutative monoid 

o j4 commutative Gabriel filter is a monoid in Sets. 

o Any Gabriel filter is filtered. 

o Any Gabriel filter is commutative. 

o A finite union or a finite intersection of quasi-compact sets of ideals is quasi-compact. 

o A Gabriel filter G is quasi-compact if and only if for any ideal q in G there exists an ideal q' C q, finitely 
generated, in G. 

o Let A be a commutative monoid, q,q' be two ideals of A and F be a generating family of q. There is an 
isomorphism q.q' i2 U/ e ir/m(r/) where Tf : q' — > q' . 

Proof 

The first property is clear. The second property comes from axiom ii in the definition of Gabriel filter. The third 
comes from axiom Hi. The fourth property is due to the fact that finite unions and intersections of Gabriel filters are 
unions and intersections in the sense of sets. 

Let us now prove the fifth property. If G is a quasi-compact Gabriel filter, any ideal g of G is the filtered colimit of 
its finitely generated sub-ideals (|1.8p thus there is a finitely generated sub-ideal of q in G. Reciprocally, if q ^ colimj(qi) 
is a filtered colimit in G along 3 and q' is a finitely generated sub-ideal of q in G. The ideals q' is of finite type and 
the morphism from q' to the colimit factors through an ideal g^. The morphism g — > g, is clearly a monomorphism, 
thus qi € G. 

Let us prove now the sixth property. There is an isomorphism g ^ Im(K{F) — > g). Moreover the image of K{F) 
by this morphism is a colimit hence commutes with tensor product. Furthermore q' K(i{q') ±2 Im(K(i(q')) — > g')) 
where i is the Yoneda functor from 6 to Pr(C ). Bv ll.8l the image of K(F) ® g' — » g ® g' is g <£> g'. 

Thus 

g ® g' - /m (Co^ m (fcJ)i(fc , i/0ee F xe ^')fc ® k' ^q® q'). 
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In particular, F x i(q') generates q.q' . Moreover for all k € Co 

k <g> q' ^ Colim , A ^„,(,') fc ® 

Thus Im(rf) is generated by {/} x i(g'). Therefore, any generator of q.q' is included in an object /m(r/), f € F and 
finally U/ e i?Zm(rf) S£ g.g'. 

♦ 

The elements of an ideal play a particularly important role. We describe them more precisely. 

Definition 2.12. Let A be a commutative monoid 

> An isomorphism between two elements / € Ak, g € is an isomorphism from k to fe' equalizing the two 
elements. 

> Let / be an element of A, the ideal generated by / is denoted (/). 

Lemma 2.13. Let A be a commutative monoid. The collection of isomorphism classes of elements of A is a symmetric 
monoid in sets, its unit is %a- The multiplication is denoted f g. Moreover (f g) = (/)•(<?). In particular 
(/ 0n ) = (/)"• 

Proof 

The product given by /, g — > f<Z>g fo (g(&Idk) provides the set of isomorphism classes of elements with a structure 
of commutative monoid. The formula (/ g) = (f)-(g) is a particular case of the last property proved in previous 
lemma. 

We will now give a more convenient equivalent definition for these commutative Gabriel filters, in particular those 
of finite type. 

Proposition 2.14. Let A ba a commutative monoid 

> A Gabriel filter of A consists of a subset G of the set of ideals of A such that 

i. The set G is non empty, 
ii. The set G is filtered. 

Hi. The property Hi of the definition of Gabriel filter holds in G. 

> A Gabriel filter of finite type of A consists of a subset of the set of ideals of A such that: 

i. The set G is non empty, 

ii. The set G is filtered. 

Hi. The set G commutative, 

iv. The set G is of finite type. 

Proof: 

Any Gabriel filter is non empty and filtered. Reciprocally, we need to check that property i and ii hold in G. G is 
filtered and non empty thus contains A. Let q be in G and / £ Ak, the ideal f~ x q contains q thus is in G. 

Let us now prove the caracterisation of Gabriel filters of finite type. Let G be a set of ideals verifying these four 
properties. We have already proved that properties i and ii of the definition of Gabriel filter hold in G, let us prove 
now it for Hi. Let q be in G and q' be such that V/ Gk q, f~ 1 q' is in G. Then let I be the family of finite subets of 
elements of q, i.e. of Il/ceeo Home(k, q), let qx denotes the ideal generated by a subset X of Ilfceen Home(k 1 q). By 
11.81 q i£ colirrii^iqi. As G is finitely presented, there exists X such that qx is in G. 
The following diagram is commutative: 

A®k »- A 

V 

Thus, qx- H/ e x /~V — U/ e x-fr?Vi/ € x/ _ V ( T /) c l' ■ ^ s ^ ^ s cl° se d under finite intersections and finite products, q' 
is in G. 

♦ 
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Proposition 2.15. Let u : A — > B be in Comm(G). If u is a formal Zariski open morphism then the Gabriel filter 
associated to B is quasi- compact. 

Proof 

Let q be in G and J be a filtered diagram such that q ^ colimi^qt. There is an isomorphism q B ±2 B hence 
£? i2 colimi e j(qi ®a B). As B is finitely presented in A — mod, there exists ? such that this morphism factors through 
qi ®a B. As u is flat, (ft (g)^ £> ±2 ^.B is an ideal of B. Finally, by lemma [1.1 01 a,- (84 B ^2 B, hence % G G. 

♦ 

Definition 2.16. Let A be a commutative monoid and q be an ideal of A. 

> The Gabriel filter G q is the smallest Gabriel filter of A containing q in the poset GabA. A Gabriel filter 
generated by one ideal in this sense will be called a primitive Gabriel filter. 

t> The Gabriel filter G q is defined by G q = Df^ q Gf in the poset GabA. A Gabriel filter generated by one ideal 
in this sense will be called a locally primitive Gabriel filter. 

Remark 2.17. The set of prime ideals included in G q is the set of prime ideals containing q. 

Lemma 2.18. Let A be a commutative monoid and q be an ideal of A of finite type. The Gabriel filter G q consists of 
the set of ideals of A containing a power of q. 

Proof 

Let G be the set of ideals containing a power of q. By[2JJJ it is a quasi-compact Gabriel filter thus G q C G. Moreover 
its elements are obtained from q by products and inclusions, therefore G C G q . Finally G — G q . 

♦ 

Corollary 2.19. Let A be a commutative monoid and q an ideal of A 
o If F is a generating family of q then G q = C\f^pGf. 
oIfq = U ieiqi , then G q = n ieJ G«. 
Proof 

The proofs of these two properties are equivalent so let us prove the first. There is a clear inclusion G q C R/eirG/, 
Let p be an ideal in (H/g^G/. Let g be an element of q. Recall that (g) refers to the ideal generated by g. By ll.8[ 
there is an isomorphism 

q ±2 colim FlcFt ftniiUfeF'QF') 

As (g) is an ideal of finite type , the monomorphism (g) — > q factors through an object qp> in the colimit. There is an 
inclusion [H/gi?G/ C G qp ' , thus p is in G 9f ' . As F' is finite G qp ' = G qF , then p contains a power of qpi. As g is an 
element of qpi, p contains a power of g. This is true for all g € q, thus G q = fl/g^G/, 

♦ 

Lemma 2.20. Let G and G' be two locally prmitive (resp primitive) Gabriel filters generated respectively by q and 
q' . Their union in the poset of locally primitive (resp primitive) Gabriel filters is the locally primitive (resp primitive) 
Gabriel filter generated by q.q' . In particular, the prime ideals contained in the union are exactly the prime ideals 
contained in one of the two Gabriel filters. 

Proof 

In the primitive case, G q . q i contains G and G' and for any ideal p such that G p contains G and G', G q . q ' is clearly 
included in G p . 

In the locally primitive case, we write G q U G q = n feq j> eq >Gf U Gf> = G q U G q = r\f eq j' eq 'Gf 0f < = G q q . 

♦ 

3 Zariski Open Objects Classification 

3.1 Zariski Open subobjects 
Affine Zariski Open subobjects 

Lemma 3.1. Let A be a commutaive monoid and spec(B), spec(B') be two Zariski open subobjects of Spec(A). Then 
spec(B <S>a B') is a Zariski open subobject of Spec(A) and B <&a B' — mod = B — mod OB' — mod. The intersection 
is taken in the poset LocA. 
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Proof 

The localizations B—modHB' — mod and B® A B' — mod have clearly the same objects hence are equivalent C-categories. 
The two left adjoint functors are thus adjoint to the same forgetfull functor, thus are isomorphic. 

♦ 

We give now a first interresting result which make a link between Gabriel filters and Zariski open subobjects. 
Theorem 3.2. Finite covering theorem 

Let A be a commutative monoid and (Spec(Bi))i e j be a finite family of Zariski open subobjects of Spec(A). This 
family is a covering of the Zariski open subobject spec(B) for the topology defined on Comm(Q) (cf \TV$ ) if and only 
if B — mod = Ujgj(-Bj — mod), where the union is taken in the poset LocA. 

We define a functor I : A — mod — > A — mod 

l(M) := ker( Ui,j M ®A B t ® B Bj ^ JT l M ® A B t ) 

This functor commutes with finite enriched limits (all the monoids in the kernel are C-flat). It also verifies, for all 
M € A - mod and all i, l(M) ® A B t ±2 l(M ® A Bi) by flatness of B^ 

Let us prove first that I is isomorphic to identity on the categorie Bi — mod for all i. Let M be in Bi — mod, there 
is a unique monomorphism M — > l(M) equilizing the two arrows of the kernel, induced by the natural morphisms 
M -> M (g> A Bi ® A Bj . Furthermore 

l(M) -» H jeI M ® A Bj -» M ® A B t ~ M 

Thus the composition on M is the identity and the composition on l(M) is the unique endomorphism of l(M) equalizing 
the two arrows of the kernel hence is identity. Finally M ^2 l(M). 
Let us now verify that I 2 — I. For all M € A — mod 

1 2 {M) ±2 Ker{ Uij l ( M ) ®A B t ® A B 3 ^ JT^ KM) ®A B l ) 

And for all i 

l(M) ® A Bi - l(M ® A Bj) - M ® A Bi 

Thus l 2 (M) is isomorphic to l(M). 

We prove then that the category L defined as the essential image of I is a localization. First, we prove that I is 
the left adjoint of the forgetfull functor. The unit of the adjunction is 

M -> l(M) 

The counit of the adjunction, for N ^ l(M) in the essential image of I, is the isomorphism 

l(N) - N 

The triangular identities for the unit and the counit are obtained from the triangular identities of the unit and the 
counit of the adjunctions between forgetfull functors and functors — <& A Bi. 

Finally, £ is a localization with left adjoint functor /. It contains all the Bi — mod and thus their union in LocA. 
It is by definition contained in B — mod. 

Let us now prove the finite covering theorem. If B — mod = Uj g j(Sj — mod), then Uj(-Bj — mod) ctcB - mod 
and Ui(Bi — mod) = B — mod, thus L = B — mod. For all M £ B — mod, there is an isomorphism M ^2 1{M), which 
proves that the functor B — mod — > ]X Bi — mod reflects isomorphisms. 

Reciprocally, if the family of functors — ® A Bi reflects isomorphisms. For M G B — mod, 

l(M) ® A Bi - l(M ® A Bi) - M ® A Bi 

Thus l(M) i= M and B - mod = L. 

♦ 

Proposition 3.3. Let A be a commutative monoid and Y := spec(B) be an affine Zariski open subobject of X := 
Spec(A), then the Gabriel filter associated to B is primitive and generated by an ideal of finite type. 
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Proof 

We write Gb = U qeG ftG q in GabA, where Gg is the set of ideals of finite type in Gb, and thus Lb = P\ qeG nL q in 
LocA. In particular — ®a B h Colim(l q ) where the functors l q are the left adjoints for the localizations L q . As B is a 
finitely presentable A- algebra, the isomorphism B ±2 colim(l q (A)) factors through a l q (A). Therefore l q (A) € B — mod, 
and as all functors l q are isomorphic to identity on B — mod, we obtain for all q' € Gb that l q < o l q (A) ^ l q (A), hence 
B ®a lq(A) 22 colim q '{l q i o lg(A)) l q (A). As there is a functorial isomorphism (B ®^ — ) o l q ^2 (B ®a — ), B ^2 l q (A). 

Last but not least, let us prove that L q is a localization of B — mod. The functor l q is left C-adjoint thus commutes 
with C-colimits. In particular, for all A e G and Y e A - mod, X <g> Y £ A - mod and l q (X ® Y) = X ® Z q (Y). 
Moreover, if A, Y are two yl-modules, 

A ®a Y :— coker( X ®A®Y X <g> Y ' ) 

Thus 

Z g (X ® A Y) - X (8)4 I,(y) 

And the functor l q makes a A- module M into a l q (A)-modu\e (hence a -B-module) l q (M). Finally Gb = G q , i.e. Gb 
is primitive and generated by an ideal of finite type. 

♦ 

Zariski Open subobjects 

Definition 3.4. Let A be a commutative monoid in 6 and F be a Zariski open subobject of Spec(A). There exists 
a family of affine Zariski open subobjects (Spec(Bi)) ie i of Spec(A) such that F is the image of U ie/ Spec(Bi) — > 
S'pec(A), The Gabriel filter associated to F is Gf '■= C^ieiGBi- 

Lemma 3.5. This definition does not depend on the choice of the covering of F. 

Proof 

If (Spec(Bi))i£i and (Spec(Cj))j & j are two coverings, define Dij := -BiU^Cj. The family (Spec(Di : j))( i ^- )eIx j is 
also a covering and each Spec(Bi) (resp Spec(Cjj) is covered by (Spec(Dij))j e j resp ((Spec(D i j)) if zi) and finally 
Hie/G^ = riijeixjGoi.j = HjgjGcj- 

♦ 

Theorem 3.6. Lei A be a commutative monoid in C and F be a Zariski open subobject of Spec(A). The Gabriel filter 
associted to F is locally primitive. 

Proof 

The scheme F is covered by a family Spec(Bi) ie j. Let g, be the ideal of finite type generating the Gabriel filter G qi 
associated to Sj. As the g, are of finite type Gf = ni e /G 9i = C\i e iG q% . Thus Gf = G Ui< = iqi . 

♦ 

3.2 Zariski Open subobjects in Strong Relative Contexts 

We assume in this section that the relative context C is strong, i.e. that the functor (— )o reflects isomorphisms. By 
11.81 this implies that, for any object A, the set A is a generating family. 

Affine Zariski Open subobjects 

Theorem 3.7. Let A be a commutative monoid in G, any Zariski affine open subobject Y :— Spec(B) of X := Spec(A) 
has a finite covering by objects spec(Af). 

Proof 

The Gabriel filter Gb associated to B is primitive and generated by an ideal q of finite type. Therefore, as C is strong, 
there exists a generating finite family of elements of qo in q. We write Gb — G q — fl/gpG/. As F is finite. EO implies 
that (Spec(Af)) f e p is a covering of Spec(B). 

♦ 

Theorem 3.8. Covering theorem 

Let A be a commutative monoid and (Spec(Bi))i^j be a family of Zariski open subobjects of Spec(A) . Then this family 
is a covering of the Zariski open subobject spec(B) for the topology defined on Comm{G) (cf \TV$ ) if and only if 
B — mod = Ujg/Bj — mod in the poset LocA. 
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Proof 

Assume that B — mod = Ui e iBi — mod. We have G q := Gb = ^ieiG qi where G qi :— Gb ; . The ideal q is the union of 
the qi, by 11,81 a is isomorphic to the filtered colimit colimj fmici ^jeJ Qj- As it is of finite type, there exists J such 
that this isomorphism factors through q — > Uj^jqj. The morphism Uj^jqj — ► q is then a monomorphism and a split 
epimorphism hence an isomorphism. By 13.21 the family (Spec(Bj))j e j is a covering of Spec(B) thus so is the family 

(Spec(Bi)) i&I . 

Reciprocally, if the family {Spec{Bi))i^i is a covering of Spec(B), it has a finite covering sub-family (Spec(Bj))j^j 
and by 13.21 B — mod = Uj^jBj — mod. As Uj<=jBj — mod C Ujg/Sj — mod <Z B — mod, we have also UieiBi — mod = 
B — mod. 

♦ 

Zariski Open subobjects Classification 

Theorem 3.9. Let A be a commutative monoid. There is a (contravarient) bisection between the poset of Zariski 
open subobject of X := Spec(A), denoted Ouv(X) and the poset of locally primitive Gabriel filters of A, denoted 
lp(A). Moreover a Zariski open subobject of Spec(A) is quasi-compact if and only if its associated Gabriel filter is 
quasi-compact (and primitive). 

Proof 

By I3.6[ there is a morphism in sets from Ouv(A) to lp{A). We prove first that this morphism is a contravarient 
morphism of posets. Let F C F' be two Zariski open subobjects of A, and (Spec(Cj))j e j,(Spec(Bi))i ( zi be respectively 
coverings of F' and F. Let q, (resp qj, qi) be the ideal generating the Gabriel filter associated to F (resp Cj,Bi). The 
scheme F is covered by the family (Spec(Bi ®a Cj)) h j e i x j. Thus Gf = C^jeJ ^iei G q% - q] = n 3e jG" ? ' 9j D ^jejG qj — 
Gf> . 

Let us prove the surjectivity. Let G q be a locally primitive Gabriel filter. As C is strong, G q = f]f^ qo Gf. The 
Gabriel filter associated to the Zariski open subobject of X defined as the image of U/eg Spec(Af) — > A is G q . 

Let us prove the injectivity. Let F, F' be two Zariski open subobjects of X with the same associated Gabriel filter. 
Let (Spec(Af)f £ j and (Spec(Af))f & j> be respectively coverings of F and F'. If q and q' are the ideals generated by 
J and J', G q = Gf = Gf> = G q . For all / G qo, there exists n such that /" G q' . As i/» ^ 4/ any affine Zariski 
open subobject Af from the covering family of F is a Zariski open subobject of F'. Therefore F is a Zariksi open 
subobject of F'. As the roles of F and F' are symmetric, F i2 F'. 

Finally, if G q is a quasi-compact locally primitive Gabriel filter, it is primitive as G q — G q . Moreover we can write 
it as a finite intersection of filters Gf and its associated Zariski open subobject is covered by a finite family Spec(Af) 
thus is quasi-compact. 

♦ 

Remark 3.10. The poset lp(A) is a colocale. It is the colocale of the closed subsets of the the Zariski topological space 
associated to Spec(A). 

Lemma 3.11. Let A be in Comm(G) . 

> A locally primitve Gabriel filter of A is irreducible if and only if it has a unique prime representant. 

> Two irreducible locally primitive Gabriel filter are equals if and only if they have the same subsets of prime 
ideals. 

> Two locally primitive Gabriel filters are equals if and only if thet have the same subsets of prime ideals. 
Proof 

- Let G q be an irreducible locally primitive Gabriel filter. The radical ^fq of q (the intersection of the prime ideals 
containing q) represents the same locally primitive Gabriel filter and is prime. Indeed q C Jq anq q contains 
a power of any element of *Jq, If ^fq m q' .q" ', q' and q" contains ^fq and as G^ is irreducible, y/q contains a 
power of any element of one of these two ideals, for exemple q' . Then, by definition of the radical of an ideal 
■Jq contains q' and thus ^fq — q' . This proves the existence of a prime representant, the unicity is provided by 

- Two irreducible locally primitive Gabriel filters which have the same prime ideals are generated by the same 
prime ideal thus are equal. 

- Let G q , G q be two locally primitive Gabriel filters. We write them as unions of irreducibles ones G q = Ui e iG Pi 
and G q ' = U je jG p j . For all i, there exists j such that pj C p t hence G Pl C G Pj . Therefore G q C G q ' . As the 
roles are symmetric, There is equality. 
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♦ 

Definition 3.12. The Zariski topological space associated to X := spec(A), denoted Lp{A) is the topological space 
whose points are prime ideals of A and in which a closed subset is the set of prime ideals contained in a locally primite 
Gabriel filter. 

Theorem 3.13. Let A be a commutative monoid. The Zariski topological space Lp(A) associated to A is sober and 
its associated locale is Ouv(Spec(A)). 

Proof 
Bvl3~TTlandl3~9l 

3.3 Exemples of Contexts 

Proposition 3.14. Let A be a ring. There is an homeomorphism between the Zariski topological space Lp{A) and the 
underlaying Zariski topological space of Spec(A) . 

Proof 
By construction. 

♦ 

Proposition 3.15. Let A be a differential ring. There is an homeomorphism between the Zariski topological space 
Lp(A) and the underlaying Zariski topological space of Spec(A) (given in fKapj). 

Proof 
By construction. 

♦ 

Proposition 3.16. Let A be a monoid in set. There is an homeomorphism between the Zariski topological space 
Lp(A) and the underlaying Zariski topological space of Spec(A) (defined in [D]). 

Proof: 

The Zariski topological space constructed in [D] is isomorphic to Lp(A). 

♦ 

Appendix - Enriched Category Theory 

See [K]. |KD] and [H] for more details. Let C be a relative context. We will consider enriched categories over C, refered 
to as C — categories. Any usual notion will have its enriched equivalent refered to as the C — notion, for example 
C — limit, 6 — colimit... There is an "underlying category" functor. To an enriched category, is associated the category 
whose objects are the same and morphisms between objects proceed from the "underlying set functor" Home(l, —). 

Definition 4.1. i. A C — category 23 consists of a collection of objects o6(23), for any two objects (X, Y), of an 
object Hom 3 (X, Y) e 6 and of a composition law: 

M x .y,z ■ Horn ? (Y, Z) <g> Horn ? (X, Y) -> Horn ? (X, Z) 

such that the appropriate commutative diagrams commute. 

ii. A 6 — functor F : 23 — > B' consists of, for each object X in B, an object F(X) in B' , and for each couple of 
objects (X,Y), a morphism: 

Hom B {X, Y) Hom B , (X, Y) 

such that the appropriate diagrams commute. 

iii. An equivalence of 6 — category consist of a 6 — functor C-fully faithfull such that its underlying functor is 
essentially surjective. 

Definition 4.2. i. Let 13 be a C — category , % a small C-category, and F : % — > 6 and G : % — * 23 two C-functors. 
Then, if the functor 2 op -> 6: 

B — > Hom e x (F, Hom% (B, G—)) 
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is represented by an object UmF(G), G has a C — limit indexed by F. 

ii. Let S be a C - category, % a small C-category, and F : %° v — > C and G : X — > 23 two C-functors. Then, if the 
functor 23 -> 6: 

5 -> Hom Pj c°v (F, Hom ^ (G-, B)) 

is represented by an object colimp(G), G has a C — colimit indexed by F. 

iii. AC — category is finite if and only if its collection of objects is a finite set and for each couple of objects {X, Y), 
the object Hom (X, Y) is finitely presented in C. 

iv. AC — limit is finite if and only if it is indexed by a functor F : 3C — > Co from a finite C — category % to the 
generating subcategory of C consisting of finitely presented objects. 

For tensored and cotensored (exponential objects exists) C-category , the enriched limit of G along F is in fact the 
end of G F and the enriched colimit is the coend of F ® G. Relative contexts are tensored and cotensored self enriched 
categories. 

Proposition 4.3. (cf JEj, 3.10) 

A C — Category 23 is C — complete if and only if it is Complete and cotensored. Furthermore, 23 has all finite C — limits 
if and only if it all finite limits and all exponential objects X Y , Y finitely presented in C, are representable in C. In 
particular, a functor F is left C — exact if and only if it is left exact and commutes with exponential objects X Y (i.e. 
F(X Y ) - F(X) Y ), Y finitely presented in C. 

Corollary 4.4. Let A be in Comm(G), then filtered colimits are C — exact in A — mod. 
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